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Abstract 


We show that Sarnak’s conjecture on Mobius disjointness holds in 
every uniquely ergodic model of a quasi-discrete spectrum automorphism. 
A consequence of this result is that, for each non constant polynomial 
P € K[x] with irrational leading coefficient and for each multiplicative 
function v : N —> C, \v\ < 1, we have 
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as M-> oo, H —> oo, H/M —> 0. 


1 Introduction 

The central result of this paper is the following. 

Theorem 1. Let S be a uniquely ergodic continuous map defined on a compact 
metric space Y. Let v be the unique S-invariant (ergodic) Borel probability 
measure on Y. Assume that the measure-theoretic system (V, v, S ) has quasi¬ 
discrete spectrum. Then, for each multiplicative function v : N —>- C ; \u\ < 1, 
each f € C(Y) with f y f dv = 0 and each y £ Y, we have 

(!) Jim 4 E f( Sn y^( n ) = °- 

JV-roo iv i ' 

n<N 

If, moreover, we know that linijv_> 00 u ( n ) = then (1) holds re¬ 

gardless of the value of f y f dv. In particular, by taking u = pi, the classical 
Mobius function: /Rl) = 1, pi(pi...pk) = (—l) fc for different prime numbers 
Pi ,... ,pk and jLt(n) = 0 for other values of n € N, we obtain the validity of 
Sarnak’s conjecture [31] in the class of systems under consideration. Recall that 
Sarnak’s conjecture states that, if T is a continuous map of a compact metric 
space X with zero topological entropy, then X Y) n<N f{T n x)n(n) — > 0 for each 
/ £ C(X) and x £ X. Sarnak’s conjecture has been proved to hold in several 
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cases [1-3,6-9,11,15,16,22,26,28-32]. Automorphisms with quasi-discrete spec¬ 
trum have zero measure-theoretic entropy, hence the topological entropy will be 
equal to zero in each uniquely ergodic model of them. 

So far, the only automorphisms for which Sarnak’s conjecture was known to 
hold in each of their uniquely ergodic model were those whose prime powers are 
disjoint in the sense of Furstenberg [12]. This assertion is already present in [8], 
see also [2]. However, it is easy to see that even irrational rotations do not 
enjoy this strong disjointness property (indeed, powers have “large” common 
factors). But Theorem 1 is known to hold for them [8]. On the other hand, 
irrational rotations have many other uniquely ergodic models. For those in 
which eigenfunctions are continuous, e.g. symbolic models like Sturmian models 
[5], Sarnak’s conjecture has also been proved to hold in view of a general criterion 
on lifting Sarnak’s conjecture by continuous uniquely ergodic extensions, [3], 
[9], [32]. However, there are topological models of irrational rotations in which 
eigenfunctions are not continuous. Indeed, each ergodic transformation admits 
even a uniquely ergodic model which is topologically mixing [25] . 

An important tool for the proof of Theorem 1 is provided by a general crite¬ 
rion for an ergodic automorphism T to satisfy Sarnak’s conjecture in each of its 
uniquely ergodic model. The criterion is, roughly, to establish an approximative 
disjointness of sufficiently large relatively prime powers. 

Definition 1. We say that the measure-theoretic dynamical system (X,p,,T) 
has Asymptotical Orthogonal Powers (AOP) if, for any / and g in L 2 (p) with 
Sx f dt 1 = fx ddpi = 0, we have 

(2) lim sup 

r,s—> 00, K ergodic joining 

r,s different primes of r p' r anc j jps 


f <g> g dn 


>XxX 


= 0 . 


We would like to emphasize that this AOP property can even be satisfied 
for an automorphism T for which all non-zero powers are measure-theoretically 
isomorphic (Example 1). Further remarks on the AOP property are discussed 
in Section 5: we show that it implies zero entropy, but give also examples of 
zero-entropy automorphisms which do not have AOP. 

Theorem 2. Assume that T is a totally ergodic automorphism of a standard 
Borel probability space (X,B,p), and that it has AOP. Let S be a uniquely 
ergodic continuous map of a compact metric space Y , and denote by v the unique 
S-invariant probability measure. Assume that the measure-theoretic systems 
( X , /i, T ) and (Y, v, S) are isomorphic. Then, for each multiplicative function 
v : N —>■ C, \u\ < 1, each f € C(Y) with f Y f dv = 0 and each y GY, we have 

lim T7 f( Sn y) l ’( n ) = °- 

JV-> 00 ' 

n<N 

In particular, Sarnak’s conjecture holds for S. 

Using the fact that, in uniquely ergodic models, the average behavior of 
points is uniform, we will prove that uniquely ergodic models of automorphisms 
with AOP enjoy a stronger form of Sarnak’s conjecture, in which the sequence 
output by the system is allowed to switch orbit from time to time. 
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Theorem 3. Let ( X, T) be uniquely ergodic, and let p be the unique T-invariant 
probability measure. Assume that, for any uniquely ergodic model (Y, S) of 
(X,p,T), the conclusion of Theorem 2 holds. Let 1 = b\ < 62 < • • • be an 
increasing sequence of integers with b^+i — && — > 00 . Let (xk) be an arbitrary 
sequence of points in X. Then, for each multiplicative function u : N — > C, 
\u\ < 1 and for each f £ C(X) with f x f dp = 0, we have 


(3) 


lim -- 

K-> 00 Ok +1 


E E f(T n x k )v{n) = 0 . 

l</c<if bk<.n<bk +1 


Again, if we take v = p, the conclusion holds even if j x f dp ^ 0. 

One of the main results of the paper, Theorem 6 , says that all quasi-discrete 
spectrum automorphisms have AOP. Quasi-discrete spectrum automorphisms 
(see Section 3.3 for a precise definition) have been first studied by Abramov [4]. 
They admit special uniquely ergodic models which are of the form Tx = Ax + b, 
where X is a compact, Abelian, connected group, A is a continuous group 
automorphism and b £ X (with some additional assumptions on A and b). 
It has already been proved by Liu and Sarnak in [26] that, in these algebraic 
models, Sarnak’s conjecture holds. As a consequence of Theorem 2, we obtain 
that it holds in every uniquely ergodic model of any of these systems (in fact, 
Theorem 2 directly gives Theorem 1). 

In Section 4.2, we apply Theorem 3 in a special situation of such algebraic 
models which are built by taking affine cocycle extensions of irrational rotations 
(see [12]). This leads to the following theorem. 

Theorem 4. Assume that v : N — > C, \ts\ < 1, is multiplicative. Then, for each 
increasing sequence 1 = bi < 62 < • • • with bk +1 — bk —> 00 and for each non 
constant polynomial P £ ffijx] with irrational leading coefficient, we have 


1 

bn +1 


E 

k<K 


e 2niP ^u(n) 

b k <n<b k+1 


0 when K —> 00 . 


It has been noted to us by N. Frantzikinakis that the particular case P(n) = 
an, which we present in Section 4.1, follows from a recent result of Matomaki, 
Radziwill and Tao [27]. We can also reformulate Theorem 4 in the following 
way. 

Theorem 5. Assume that v : N —> C, \u\ < 1, is multiplicative. For each non 
constant polynomial P £ R[x] with irrational leading coefficient, we have 



M ^ H 


M <m<2M 


e 2 " p(ri V(n) 

m<n<m+if 


0 


as M —»• 00 , H —> 00 , H/M —>• 0. 


2 Main tools 

2.1 Joinings 

Let ( X,B,p) be a standard Borel probability space. We denote by C 2 (X,p) 
the corresponding space of couplings: p £ C 2 ( X, p) if p is a probability on 
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X x X with both projections equal to p. The space 62 (X, p) is endowed with a 
topology which coincides with the weak topology when X is a compact metric 
space. In this topology, convergence of a sequence of couplings (p n ) to some 
coupling p is characterized by 

Mf,g&L 2 (p), / f®gdp n - > f®gdp. 

JxxX n-s-oo J XxX 

This topology turns C 2 (X,p) into a compact metrizable space. For example, 
the formula 


J, , I / fk ® ft dpi - / fk ® ft dp 2 1 

d(pi,p 2 ) ■= 2^ - 2 *+*- 

M>i 

where {/fc : k > 1 } is a linearly L 2 -dense set of functions of L 2 -norm 1 yields a 
metric compatible with the topology on C 2 {X,p). 

Now, let T be a totally ergodic automorphism of (X,B,p), that is, T m is 
assumed to be ergodic for each m ^ 0. Let J(T r , T s ) stand for the set of joinings 
between T r and T s , i.e. those p € C 2 (X,p) which are T r x T s - invariant. By 
J e (T r ,T S ) we denote the subset of ergodic joinings, which is never empty when 
both T r and T s are ergodic. 

2.2 The KBSZ criterion 

We will need the following version of the result of Bourgain, Sarnak and Ziegler 
[ 8 ] (see also [23], [17]). 

Proposition 1 . Assume that (a n ) is a bounded sequence of complex numbers. 
Assume, moreover, that 

(4) lim sup 

r,s—too 

different primes 



Then, for each multiplicative function v : N — > C, |iz| < l, we have 

(5) lim — V a n ■ u{n) = 0. 

N—^oo J\J ‘ ^ 
n<N 

The proof of this proposition follows directly from [ 8 ] by considering a version 
of their result omitting a finite set of prime numbers. 

Proof of Theorem 2. We begin by observing that the condition of having AOP 
is an invariant of measure-theoretic isomorphism. Therefore, if it holds for 
( X,p,T ), it also holds in each of its uniquely ergodic model. Let us fix such a 
model (Y, v, S). Take y € Y and / G C(Y) with f Y fdu = 0. Let e > 0. In 
view of (2), for some M > 1, whenever r,s > M are different prime numbers, 
we have for each k € J e (S r , S s ) 


( 6 ) 


f®fdn 


lYxY 


< £. 
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Now, let r,s > M be different prime numbers, and select a subsequence (Nk) 
so that 


(7) 


jy - E &(S rn y,S an y) -* P- 
k n<N k 


Then, by the unique ergodicity of S, which implies the unique ergodicity of S r 
and S s , it follows that p G J(S r , S s ). Let 


P = kcIP(k) 

Jj 3 (S'',S 3 ) 

stand for the ergodic decomposition into ergodic joinings between S r and S s of 
p (here, we use again that the non-trivial powers of S are ergodic). Since / is 
continuous, in view of (7), we have 

4r E f{s rn y)W^y) 

k n<N k 

But, in view of ( 6 ), 


f®fdp. 


'YxY 


[ f ® f dp 

= 

[ ([ f®fdti) dP(n) 

JYxY 


JJ e (S r ,S 3 ) \JYxY J 


It follows that 


lim sup 

N—t oo 


E f(s rn y)f(s an y) 

V n<N 


< £. 


We have obtained that condition (4) holds for a n := .f(S n y), n > 0, and the 
result follows from Proposition 1. □ 


2.3 Special uniquely ergodic models 

Our idea in this section will be, given a uniquely ergodic system (X , T) (with p 
as unique invariant probability measure), to build many new uniquely ergodic 
models of the measure-theoretic system (X, p, T). Any such model will depend 
on the choice of an increasing sequence of integers 1 = bi < 62 < • • • with 
bk +1 — bk —» 00 , and of an arbitrary sequence of points (xk) in X. 

We define a sequence y = (y n ) £ X N by setting y n := T n Xk whenever 
b k <n < b k + 1 : 

y = (Tx 1 ,..., T b2 ~ 1 Xi,T b2 X 2 ,T b2 ~ 1 x 2 , T b *x 3 ,...). 

Let S denote the shift in X N , where X N is considered with the product topology, 
and set 

Y := {S n y: n > 0} C X N . 

Proposition 2. The topological dynamical system (Y, S) defined above is uniquely 
ergodic. The unique S-invariant probability measure on Y is the graph measure 
v determined by the formula 

v(A\ x A 2 x ... x A m x X x ...) := p{A ± n T~ 1 A 2 D ... 0 T~ m+1 A m ). 

Moreover, the measure-theoretic dynamical system (Y, is, S) is isomorphic to 
(-X,p,T ). 
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Proof. We first prove that y is generic for the measure v defined in the statement 
of the proposition. Indeed, let n be a probability measure on Y for which y is 
quasi-generic, i.e. assume that there exists a sequence of integers Nj — >• oo such 
that 

£ £ 6S~ y^K. 

J n<Nj 

For fixed j > 1, the projection of the left-hand side on the first coordinate is 


No 


\.bi<n<b2 


St n 


£ 5t"x 2 + • • • 

b2<n<b3 


+ £ 

b k -i<n<b k 


St t! 


bk<n<bk+u 


where bk + u = Nj < bk+i■ Then, the difference the pushforward of Vj by T 
and Vj is 

T*Vj — Vj = — (5 T b 2xi — Stx 1 + &T b 3X2 ~ ^T b 2X2 + • • • + 

^T b k Xk _i — — ^ T b k Xk ) > 

and this measure goes weakly to zero as bk +1 — bk —> oo. Hence the limit 
of Vj is T-invariant and, by unique ergodicity, the projection of k on the first 
coordinate has to be equal to /i. Now, using again bk+i — bk —>• oo, we see that 
the proportion of integers n < Nj such that the second coordinate of S n y is 
not the image by T of the first coordinate of S n y go to zero as j —> oo, and it 
follows that, K-almost surely, the second coordinate of z G Y is the image by T 
of the first coordinate of z. The same argument works for any coordinate and 
we conclude that k — v. 

Now, the fact that each z_ £ Y is also generic for the same measure v is a 
direct consequence of the following easy fact: If rij —>• oo and z = lim J _>. 00 S nj y, 
then either there exists z £ X such that z = (z, Tz, T 2 z ,...), or there exist 
zi, Z 2 £ X and t > 0 such that 

Z = (zi,Tzij.. . . ,T^Z 1 ,Z 2 ,TZ 2 ,T 2 Z 2 , ...). 

Indeed, we can approximate any “window” z[l, M\ by S U:i y[l : M] = y[rij+ 1, rij+ 
M ], and when rij —> oo, such a window has at most one point of “discontinuity”, 
that is, it contains at most once two consecutive coordinates which are not 
successive images by T of some Xk ■ 

Finally, by the construction of v, the map x i->- (x, Tx, T 2 x ,...) is clearly an 
isomorphism between ( X , n , T) and (Y, v,S). □ 

Proof of Theorem 3. Apply the conclusion of Theorem 2 to the specific uniquely 
ergodic model (Y, S) which is constructed above, starting from the point y and 
taking an arbitrary continuous function of the first coordinate. □ 
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3 Asymptotic orthogonality of powers for quasi¬ 
discrete spectrum automorphisms 

3.1 The key lemma 

We say that c € S 1 is irrational if c n ^ 1 for each integer n ^ 0. Recall that 
an ergodic automorphism T is totally ergodic if and only if all its eigenvalues 
except 1 are irrational. 

Lemma 1 . Let c\ and C 2 be irrational in S 1 . Then there exists at most one 
pair (r, s) of mutually prime natural numbers such that c[ = c s 2 . 

Proof. Let ( r,s ) and ( r',s') be two pairs of mutually prime natural numbers 
satisfying c[ = c? 2 , and c[ = c r 2 . Let d € S 1 be such that d s = c\. We have 
( d r ) s = c\ = c|. Multiplying if necessary d by an appropriate s-th root of the 
unity, and using the fact that r and s are mutually prime, we can assume that 
we also have d r = c^- The equality c\ = c £ now yields d r s = d s r . But d is 
also irrational, hence r's = sr'. Since (r, s) = 1 = (r', s'), r = r' and s = s'. □ 

3.2 AOP for discrete spectrum 

Recall that discrete spectrum automorphisms are characterized by the fact that 
their eigenfunctions form a linearly dense subset of L 2 . They fall into the more 
general case of quasi-discrete spectrum ones, but we nevertheless include a direct 
proof that they have AOP as soon as they are totally ergodic, since this will 
introduce the main ideas in a simpler context. 

Assume that T is a totally ergodic, discrete spectrum automorphism of 
{X,B,p). Let ci = 1 ,C 2 ,C 3 ,... € S 1 be its eigenvalues, and let /i,/ 2 ,.-- be 
corresponding eigenfunctions: /,; oT = Cj • /», |/j| = 1. Note that Cj is irrational 
and / fi dp = 0 whenever i > 2. Let us prove that the AOP property holds for 
T. Since the linear subspace spanned by f 2 , f 3 , ■■ ■ is dense in the subspace of 
square integrable functions with zero integral, it is enough to show that, for any 
fixed i, j > 2, 

//,* fj dp = 0, Vp € J e (T r , T s ), if r and s are large enough and (r, s) = 1. 
But we have 

J fi ® fj dp = J {ft ® lx) • (l.Y ® fj) dp, 

where fi® tx is an eigenfunction for {T r xT s , p) corresponding to the eigenvalue 
ct, while tx <S> fj is an eigenfunction for ( T r x T s , p) corresponding to cj. But, 
if these two eigenvalues are different, the functions fi < 8 > lx and lx <S> fj are 
orthogonal. It is then enough to observe that, by Lemma 1, the equality c\ = c* 
has at most one solution with (r, s) = 1 . 

Example 1. If we consider T an ergodic rotation whose group of eigenvalues 
is of the form { e 2m< i a • q g Q} and a £ [0,1) is irrational, then by the Halrnos- 
von Neumann theorem {e.g. [14]) it follows that all non-zero powers of T are 
isomorphic. This is an extremal example of an automorphism with non-disjoint 
powers for which the AOP property holds. 
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3.3 Quasi-discrete spectrum 

We denote by M = M{X,B,p :) the multiplicative group of functions / G 
L 2 (X,B,p) satisfying |/| = 1. Let T be an ergodic automorphism of ( X,B,p ). 
We define on M the group homomorphism Wt by setting 

W T (f) ~foT/f. 

Note that (W T f) °T= W T {f o T). 

Let E 0 (T ) C S 1 denote the group of eigenvalues of T, which we also consider 
as a subgroup of (constant) functions in M. Then, for each integer k > 1, we 
inductively set 

E k (T) := {/ G M : W T f G £ fc _i(T)}. 

It is easily proved by induction on k that E k (T) is the subgroup of M 
constituted of all / G M satisfying W^f G E 0 (T), and that, by the ergodicity 
of T, 

/ G E k (T) \ E k -i(T) ^ W$f G E 0 (T) \ {1}. 

The elements of (J fc>0 E k (T) are called quasi-eigenfunctions. Clearly, E k (T ) C 
E k+1 (T), k > 0. 

We denote by E^ffT) the set of irrational eigenvalues of T, and for each 
k > 1 , we set 

EF(T) ■■= {/ G E k (T) : W$f G E^(T)}. 

Lemma 2. Let T be an ergodic automorphism of (X,B,p.), k > 1 and f G 
Eff r (T). Then 

I f dp = 0. 

Jx 

Proof. We prove the result by induction on k. For k = 1, the conclusion holds 
for each eigenfunction f whose eigenvalue is different from 1. Assume that the 
result is proved for k > 1, and consider / G E'ff^T). Set g := Wrf G Ef r (T). 
so that / o T = gf. Then, for each n > 1, we have 

/or= ff w./, 


where 

9 {n) :=g-goT---goT n - 1 £ E k (T). 

It follows that 


(8) [ f ■ (/ ° T n ) dn = [ g^ dp. 

Jx Jx 

Observe now that 

= w£g ■ w£(g O T) • • • W$(g o T n_1 ) = (W$g) n = (W* +1 f) n , 


which is an irrational eigenvalue. We therefore have g ^ G E'f r (T'), and by 
induction hypothesis, 


5 (n) dp = 0. 


Jx 

Coming back to ( 8 ), we see that the spectral measure of / is the Lebesgue 
measure on the circle, which implies the result. □ 



Lemma 3. Let T be an ergodic automorphism of k > 1, and f £ 

Ek(T). Then for each integer r > 1, 

Wrprf = (W£f) rk . 

Proof. Again, we prove the result by induction on k. For k = 1, take f £ E\ (T) 
and let c := Wxf be the corresponding eigenvalue (for T). Then 

W T rf = f o T r / f = c r = (W T f) r . 

Now, assume the result is proved for k > 1, and take / £ Ek+i{T). Note that 
W T r f £ EkiT), so that, using the induction hypothesis, we have 

W!ft l f = W$r (W T r f ) = (W* W T rf) rk = (W£ f O T^W^f)^ . 

But W!ff is an eigenfunction of T. Denoting by c := WJf +1 f the corresponding 

k fe + 1 

eigenvalue, the right-hand side of the above equality becomes ( c r ) r = c r . □ 

Proposition 3. Let T be a totally ergodic automorphism of iX,B,p), k > 1, 
f £ Ek{T)\Ek~i{T) and g £ EkiT). Then there exists at most one pair (r, s) of 
mutually prime natural numbers for which we can find p £ J e {T r , T s ) satisfying 

f f®gdp^ o. 

JxxX 

Proof. Assume that r, s and p are as in the statement of the proposition. In 
the ergodic dynamical system (X x X,p,T r x T s ), we have 

Wr^xT 8 (/ ® <?) = Wjt f 0 W^g, 

where both WJf r f and W^'g are eigenvalues of T by Lemma 3. This product is 
therefore constant, let us denote it by c. It is an eigenvalue of T r x T s , and it 
is also the product of two eigenvalues of T, hence it is also an eigenvalue of T. 
This proves that f ®~g £ Ek{T r x T s ). Since we assume that f f ®~cjdp ^ 0, 
Lemma 2 yields that W£r xT sf 0 ~g is not an irrational eigenvalue of T r x T s . 
But, by the total ergodicity of T, the only eigenvalue of T which is not irrational 
is 1. Using again Lemma 3, we get 

C = 1 = W*r xT s if ® 5) = {W$f) rk • iw*g) sk . 

Remember that W^f is irrational because / £ EkiT)\Ek-iiT), and T is totally 
ergodic. It follows that Wifg is also irrational, hence g £ EkiT)\Ek~\iT). Then 
W^f and W!fg are both eigenvalues of T which are different from 1, hence they 
are both irrational. We only need now to apply Lemma 1 to conclude the proof. 

□ 


Definition 2. T is said to have quasi-discrete spectrum if: 

(9) T is totally ergodic, 

and 


( 10 ) 


L\X,B,p) = span |J E k (T) 


k>0 
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Theorem 6. Let T be an automorphism of (X,B,p) with quasi-discrete spec¬ 
trum. Then it has the AOP propeHy. 

Proof. By the definition of quasi-discrete spectrum, it is enough to check that, 
for any k > 1 and any f, a G Ei~{T ), we have, for r, s mutually prime and large 
enough and for each p G J e {T r ,T s ), 



f ®gdp = 0. 


But this immediately follows from Proposition 3. □ 


4 Application to some algebraic models of dis¬ 
crete and quasi-discrete spectrum transforma¬ 
tions 


4.1 Irrational rotation 


Fix some irrational number a, and consider the transformation R a : x x + 
a on T. Then (T, R a ) is uniquely ergodic, and the corresponding measure- 
theoretic dynamical system is totally ergodic and has discrete spectrum. It 
therefore has AOP, and Theorem 3 applies in this case (we consider f(x) := 
e 2mx ). Then, for any multiplicative function v, \u\ < 1, any sequence (xk) of 
points in T and any increasing sequence 1 = 6 i < 62 < ■ • • with bk +1 — bk —> 00 , 
we have 


lim -- 

K—>co bx +1 


E 


g 27 rixk 


1 <k<K 


e 27vino v{n) = 0. 

b k <n<b k+ 1 


Now, for each k > 1, we can choose Xk G T such that 


0 27tixk 


E 


Jl'KinOL 


u{n) = 


b k <n<b k+ 1 


E 


Jl'Kinoi 


v(n) 


b k <n<b k+ 1 


This proves Theorem 4 in the case of a polynomial of degree 1. 


4.2 Affine transformations of the <i-dimensional torus 

To prove Theorem 4 in its full form, we generalize the preceding case by con¬ 
sidering some transformation of the d-dimensional torus of the form 

T : (xi,...,x d ) 1 — 5 - (xi+a,x 2 +xi,...,x d + x d -i). 

This transformation is an affine transformation, it can be written as x 1 —> Ax + b 
where A = [aij]i t j = % is the matrix defined by ai := 1 ,^- 1 ^ = an := 1 and all 
other coefficients equal to zero, and b := (a, 0,..., 0). Taking again a irrational, 
(T d ,T) is a uniquely ergodic dynamical system, and it is totally ergodic with 
respect to the Haar measure on T d , which is the unique invariant measure [12]. 
Moreover, the corresponding measure-theoretic dynamical system has quasi¬ 
discrete spectrum [4]. Hence it has AOP, and Theorem 3 applies again. In 
particular, we will use this theorem with the function f(x 1 ,... ,x d ) := e 2mXd , 
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observing as in [10,12] that the last coordinate of T n (x 1 ,..., Xd) is the following 
polynomial in n: 




+ ... + nxd-i + Xd- 


Proof of Theorem 4 . Consider a fixed polynomial P € R[x], whose leading co¬ 
efficient is irrational. Then we can always choose a, x \,... ,Xd so that 




^ xi + ... + nxd-i + x d = P(n) 


for all n. 


Let 1 = bi < &2 < • • • be a sequence of integers satisfying bk+i — bk —> 00 , and 
define a sequence ( x k ) of points in T d by setting 

x k := (xi,X2,-.-,Xd-i,x d + t k ), 


where (t k ) is a sequence of points in T to be precised later. Then, Theorem 3 
applied to T gives 

lim —Y e 2nitk y e 27riP ("Wn) = 0. 

K—> 00 bx+i ‘ ^ ‘ ^ 

1 <k<K b k <n<b k+1 

Now, for each k we can choose t k € T such that 


e 2 y e 2 * iP( - n) v(n) = y e 2mPM u(n) , 

b k <n<b k+ 1 b k <n<b k+1 

and this concludes the proof. □ 

Proof of Theorem 5. Assume that the result is false. Then we can find a non 
constant P G M[x] with irrational leading coefficient, and two sequences (Me) 
and (He) with He 00 , He/Me —> 0, satisfying for some £ > 0: 


( 11 ) 


W, 


— E 

Mg 

Mi 


1 

~Hi 


y e 2 " p ( n) ! y(n) 

m<n<m+ H£ 


> £. 


By passing to a subsequence if necessary, we can also assume that for each £, 
Me +1 > 2 Me + He. Rewriting the left-hand side of the above inequality as 


— y 1 

He oJ^H t M ^ He 


E 

m—r mod Hi 


1 

Hi 


y e 2lip (")i/(n) 

m<.n<.m-\- Hi 


we see that for each £ there exists 0 < re < He such that 


( 12 ) 


1 

Me/He 


E 


1 

Hi 


y e 2 ™ p(n V(n) 

m<.n<m-\- Hi 


> £. 


Mi<.m<2Mi 
m—ri mod Hi 
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Now, set 


{1 = bi < b 2 < ■ ■.} := 

{1}U |^J{m : Me < m < 2 Me + Hi and m = re mod Hi}, 

t 

and let Ke be the largest k such that bk < 2 Me. Observing that bx e +i/{2Mi) —> 
1, and using inequality (12), we get 


lim inf -- 

l^roo OfQ+1 


E 

k<K e 


e 2 " p( "V(n) 

b k + l<n<b k+1 


> lim inf- V'' 

€—>•00 2 Mg ‘ ^ 

Mu <.m<2Mg. 
m=ri mod Hi 


Y e 2 " p(n) i/(n) 

m<.n<m-\- Hi 


> e/ 2 , 


which contradicts Theorem 4. □ 


4.3 Algebraic models of general quasi-discrete spectrum 
transformations 

Assume that T is a quasi-discrete spectrum automorphism of Then, 

in view of [4], [18], [19], up to measure theoretic isomorphism, we may assume 
that: 

(i) A is a compact, connected, Abelian group. 

(ii) Tx = Ax + b, where A : X —> X is a continuous group automorphism, 
b £ X, and the group generated by {A — I)X and b is dense in X. 

(iii) For each character \ € X, there exists m > 0 such that x° (A — I) m = 1. 1 

By (iii), n„>o(d — I) n X = {0}, that is, T is unipotent, and by [20], [21], it 
follows that T is minimal. Then, in view of [18], (T,X) is uniquely ergodic. 

Theorem 7. Assume that T satisfies (i), (ii) and (iii). Let v : N —> C be 
any multiplicative function, with \u\ < 1. Then, for each 1 x G A and each 
increasing sequence 1 = b\ < 62 < ... with bk + 1 — bk —> 00 and each choice of 
(zk) € A, we have 


1 

bfc+i 


E 

k<K 


E xC T n z k )u(n) 

b k + l<n<b k +i 


0 when K —> 00 . 


Proof. We have already noticed that (A, T) is uniquely ergodic. Fix a character 
1 7 ^ x £ A. Using (iii), let m > 0 be the smallest such that x 0 (A — I) m = 1. 
Since x / h we have m > 1. Let Y m := (A — I) m ~ l X. Note that: 

• Y m is a non-trivial subgroup of A (indeed, otherwise, x°(A — I) m ~ 1 = 1); 

1 Note that x(Tx) = x(x)(x((A - I)x)x(b)), so by an easy induction, we obtain that 
X 6 E m (T) if m is the smallest such that x 0 (A — I) m = 1. 


12 



• Y m is connected (indeed, ( A — I) m 1 is a continuous group homomorphism 
and, by (i), Y m is the image of a connected space); 

• x(Ym) = S 1 (by the previous observation). 

Note that, for each y £ Y m , we have y o A(y) = y(y), and since AY m C Y m , we 
also have yo A™(y) = x(y) f° r each n > 1. Moreover, for each y k £ Y m , we have 

(13) x('-T n \z k + y k )) = x(A n y k )x(T n z k ) = x(yk)x(T n z k )- 

It follows by the above that, for each k > 1, we can find y k £ Y m such that 

X! x(T n (zk+yk))v(n)=x(yk) ^2 x(T n z k )v(n) 

b k + l<n<b k+1 b k + l<n<b k+1 

= x{T n z k )u(n) 

b k + l<n<b k+1 


and the result follows by the AOP property of the system, and Theorem 3. □ 

5 Remarks on the AOP property 

Remark 1. The class of measure-theoretic dynamical systems with AOP is 
stable under taking factors, since any ergodic joining of the actions of T r and 
T s on a factor a- algebra extends to an ergodic joining of T r and T s . It is also 
close by inverse limits, since it is enough to check ( 2 ) for a dense subclass of 
functions / in L 2 . 

Proposition 4. If T satisfies (2) then T is of zero entropy. 

Proof. Because of Remark 1, it is enough to show that there exists a Bernoulli 
automorphism with arbitrarily small entropy for which ( 2 ) fails. 

Fix S > 0 and let T be the shift on X = {0,1} Z considered with Bernoulli 
measure p = (5 ,1 — <5)® z . Given r > 1, consider the map tp r : X —» X, 

^r((^i)*€^) (KrifieZ 

for each {xf)^ z £ X. Then, <p r o T r = T o tp r and ip r yields a homomorphism 
(factor map) from (X, p, T r ) onto ( X , p, T) (because the laws of the independent 
processes (X,;), 6 z, Xi((xj)j^■£) = Xi and (X r ,;)iez are the same). Moreover, the 
extension 

(14) p r : ( X,p,T r ) — > (X,p,T) is relatively Bernoulli 

(see e.g. [14]) since <has the complementary independent sub-cr-algebra 
given by the smallest T r invariant sub-cr-algebra making the variables X \...., X r _i- 
measurable. 

Take now r ^ s > 1 to obtain the joining «y iS defined as 

(15) J g®hdK rtS := J E( 5 |^ 1 (S))(^“ 1 (a'))E(/i|^ 1 (S))(^“ 1 (a:)) dp{x). 
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In view of (14), n rj8 is ergodic. Now, consider / E L 2 (X,B, g) defined by 
/((*») j £ z) := xo- We claim that 

(16) E(/|^" 1 (B))(^ 1 (a:)) = /(a;) = x 0 . 

Indeed, given x = (x»)» e z 6 -X", 

</?“ 1 (x) = {y E X : yir = Xi for each i E Z} 

and on that fiber we have a relevant Bernoulli measure as the conditional mea¬ 
sure. Note however that / is constant on the fiber, in other words, / is measur¬ 
able with respect to pf 1 (B). Since (16) holds also for ip s , using additionally (15), 
it follows that 

J f ® / dK r ^ s = > 0, 

which excludes the possibility of satisfying ( 2 ). □ 

Remark 2. There exist some zero-entropy automorphisms for which the AOP 
property fails. Indeed, we will show that it does not hold for horocycle flows. 
We have the classical relation between the geodesic and the horocycle flow: for 
each s,u E R, we have 

9uh s g u = h e - 2 u s . 

Set r = e~ 2u s. Assume now that r ^ s are coprime natural numbers, r, s —> 
oo but we also assume that r/s —> 1. For such pair (r, s), the number u is 
determined by e~ 2u = r/s , so u is close to zero. We can hence assume that 
g u , whose graph is an ergodic joining of h r = (h\) r and h s = (Ai) s , 
belongs to the compact set of joinings (A St : t E [0,1]}. Since a graph joining 
is clearly never equal to the product measure, there is a positive distance of 
{A gt : t E [0,1]} from the product measure in the relevant space of couplings. 
Therefore, (2) fails to hold. 
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